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Causal Representation Learning

observed datalatent causally-related 
factors 

Score functions contain all information about latent DAG
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this paper: UNKNOWN MULTI-NODE INTERVENTIONS
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Methodology

Latent 
dim.

Soft 
SHD

Soft 
MCC

Hard 
SHD

Hard 
MCC

4 0.77 0.96 0.66 0.98

5 1.93 0.93 1.80 0.98

6 3.39 0.92 3.05 0.95

7 4.62 0.91 6.12 0.91

8 8.26 0.90 9.01 0.88

Observed dimension =50

unknown
transformation
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Generic goal: Inverting the unknown transformation to recover

1) latent factors  and 2) the latent causal structure
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GZ
<latexit sha1_base64="HOYDNOgSEa4POlQxsz0aD8OLLDc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBahXkoifl2EohePFWwbbEPZbDft0s0m7m6EEvonvHhQxKt/x5v/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKS8srq2vF9dLG5tb2jr2711RxKgltkJjH0guwopwJ2tBMc+olkuIo4LQVDG8mfuuJSsVica9HCfUj3BcsZARrI3keukL9ysNx1y47VWcKtEjcnJQhR71rf3V6MUkjKjThWKm26yTaz7DUjHA6LnVSRRNMhrhP24YKHFHlZ9N7x+jIKD0UxtKU0Giq/p7IcKTUKApMZ4T1QM17E/E/r53q8NLPmEhSTQWZLQpTjnSMJs+jHpOUaD4yBBPJzK2IDLDERJuISiYEd/7lRdI8qbrn1bO703LtOo+jCAdwCBVw4QJqcAt1aAABDs/wCm/Wo/VivVsfs9aClc/swx9Ynz8fD467</latexit>

X = g(Z)latent 
space

observed
data

Interventional CRL

• General transformations: “General identifiability and achievability for causal 
representation learning”. AISTATS 2024.

• Single-node interventions (base for this paper): “Score-based causal 
representation: Linear and general transformations”. arXiv: 2402.00849

• Finite-sample analysis! “Sample complexity of interventional causal 
representation learning”. NeurIPS 2024

We learn causal representations using unknown multi-node interventions on latent space by leveraging score functions

<latexit sha1_base64="rM3xYfn4rgHzjcCqybZYFnAJEzg="></latexit>

D =

2

4
1 1 0
0 0 1
0 1 1

3

5

<latexit sha1_base64="63VLK+YO9EBfvJxnce/lcPMjDKw=">AAACHnicbZDLSsNAFIYn9VbrLerSzWAruCpJpVropiCCywr2Ak0sk+mkHTqZhJmJUEKfxI2v4saFIoIrfRsnbRa19YeBn++cw5zzexGjUlnWj5FbW9/Y3MpvF3Z29/YPzMOjtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88XVa7zwSIWnI79UkIm6Ahpz6FCOlUd+slpwAqRFGLLmZPtjQqTt1uIgqq+ii1DeLVtmaCa4aOzNFkKnZN7+cQYjjgHCFGZKyZ1uRchMkFMWMTAtOLEmE8BgNSU9bjgIi3WR23hSeaTKAfij04wrO6OJEggIpJ4GnO9Mt5XIthf/VerHya25CeRQrwvH8Iz9mUIUwzQoOqCBYsYk2CAuqd4V4hATCSida0CHYyyevmnalbF+Wq3eVYqOWxZEHJ+AUnAMbXIEGuAVN0AIYPIEX8AbejWfj1fgwPuetOSObOQZ/ZHz/Ap+eoOg=</latexit>

E1 E2 E3
<latexit sha1_base64="IhkVUq+MZdthJr2/97xMhpBPZ4E=">AAACAHicbZDLSsNAFIYn9VbjLerChZvBIrixJPW6LOjCZQV7wSaEyXTSDp1MwsxEKKEbX8WNC0Xc+hjufBsnbQRt/WHg4z/ncOb8QcKoVLb9ZZQWFpeWV8qr5tr6xuaWtb3TknEqMGnimMWiEyBJGOWkqahipJMIgqKAkXYwvMrr7QciJI35nRolxItQn9OQYqS05Vt7x/Ded6DrmjnUfuDEtyp21Z4IzoNTQAUUavjWp9uLcRoRrjBDUnYdO1FehoSimJGx6aaSJAgPUZ90NXIUEellkwPG8FA7PRjGQj+u4MT9PZGhSMpRFOjOCKmBnK3l5n+1bqrCSy+jPEkV4Xi6KEwZVDHM04A9KghWbKQBYUH1XyEeIIGw0pmZOgRn9uR5aNWqznn17Pa0Ur8u4iiDfXAAjoADLkAd3IAGaAIMxuAJvIBX49F4Nt6M92lryShmdsEfGR/fTaOTCQ==</latexit>

�Z1

�Z2

�Z3

<latexit sha1_base64="P8tdODjE+Ccd0sgUfyQHLZQF3qg=">AAAB6nicbVDLSgNBEOz1GVejUY9eBkPAU9gV1BwDgniMaB6YLGF2MpsMmZldZmaFsOQTvHhQxKv4IX6CN//GyeOgiQUNRVU33V1hwpk2nvftrKyurW9s5rbc7Z387l5h/6Ch41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNB6o0i+WdGSU0ELgvWcQINla6ve/63ULRK3tToGXiz0mxmv9MS1fuR61b+Or0YpIKKg3hWOu27yUmyLAyjHA6djuppgkmQ9ynbUslFlQH2fTUMSpZpYeiWNmSBk3V3xMZFlqPRGg7BTYDvehNxP+8dmqiSpAxmaSGSjJbFKUcmRhN/kY9pigxfGQJJorZWxEZYIWJsem4NgR/8eVl0jgt++flsxubRgVmyMERHMMJ+HABVbiGGtSBQB8e4RleHO48Oa/O26x1xZnPHMIfOO8/Y6OQHQ==</latexit>

Z1

<latexit sha1_base64="5uXesc7yCRnlkRqMtXEN/AviWBs=">AAAB6nicbVBNS8NAEJ3UrxqtVj16WSwFTyUpqD0WBPFY0X5gG8pmu2mXbjZhdyOU0J/gxYMiXsUf4k/w5r9x0/agrQ8GHu/NMDPPjzlT2nG+rdza+sbmVn7b3tkt7O0XDw5bKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vbHl5nffqBSsUjc6UlMvRAPBQsYwdpIt/f9ar9YcirODGiVuAtSqhc+k/KV/dHoF796g4gkIRWacKxU13Vi7aVYakY4ndq9RNEYkzEe0q6hAodUeens1CkqG2WAgkiaEhrN1N8TKQ6VmoS+6QyxHqllLxP/87qJDmpeykScaCrIfFGQcKQjlP2NBkxSovnEEEwkM7ciMsISE23SsU0I7vLLq6RVrbjnlbMbk0YN5sjDMZzAKbhwAXW4hgY0gcAQHuEZXixuPVmv1tu8NWctZo7gD6z3H2UnkB4=</latexit>

Z2

<latexit sha1_base64="fAVshCoJQ81v89k484ZSAoWNa5U=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPux6AXjxHNgskQejo9SZOenqG7RghDPsGLB0W8+kXe/Bs7y0ETHxQ83quiql6QSGHQdb+d3NLyyupafr2wsbm1vVPc3aubONWM11gsY90MqOFSKF5DgZI3E81pFEjeCAY3Y7/xxLURsXrAYcL9iPaUCAWjaKX7x85pp1hyy+4EZJF4M1KCGaqd4le7G7M04gqZpMa0PDdBP6MaBZN8VGinhieUDWiPtyxVNOLGzyanjsiRVbokjLUthWSi/p7IaGTMMApsZ0Sxb+a9sfif10oxvPIzoZIUuWLTRWEqCcZk/DfpCs0ZyqEllGlhbyWsTzVlaNMp2BC8+ZcXSf2k7F2Uz+/OSpXrWRx5OIBDOAYPLqECt1CFGjDowTO8wpsjnRfn3fmYtuac2cw+/IHz+QPkNY2O</latexit>

Z3

<latexit sha1_base64="P8tdODjE+Ccd0sgUfyQHLZQF3qg=">AAAB6nicbVDLSgNBEOz1GVejUY9eBkPAU9gV1BwDgniMaB6YLGF2MpsMmZldZmaFsOQTvHhQxKv4IX6CN//GyeOgiQUNRVU33V1hwpk2nvftrKyurW9s5rbc7Z387l5h/6Ch41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNB6o0i+WdGSU0ELgvWcQINla6ve/63ULRK3tToGXiz0mxmv9MS1fuR61b+Or0YpIKKg3hWOu27yUmyLAyjHA6djuppgkmQ9ynbUslFlQH2fTUMSpZpYeiWNmSBk3V3xMZFlqPRGg7BTYDvehNxP+8dmqiSpAxmaSGSjJbFKUcmRhN/kY9pigxfGQJJorZWxEZYIWJsem4NgR/8eVl0jgt++flsxubRgVmyMERHMMJ+HABVbiGGtSBQB8e4RleHO48Oa/O26x1xZnPHMIfOO8/Y6OQHQ==</latexit>

Z1

<latexit sha1_base64="5uXesc7yCRnlkRqMtXEN/AviWBs=">AAAB6nicbVBNS8NAEJ3UrxqtVj16WSwFTyUpqD0WBPFY0X5gG8pmu2mXbjZhdyOU0J/gxYMiXsUf4k/w5r9x0/agrQ8GHu/NMDPPjzlT2nG+rdza+sbmVn7b3tkt7O0XDw5bKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vbHl5nffqBSsUjc6UlMvRAPBQsYwdpIt/f9ar9YcirODGiVuAtSqhc+k/KV/dHoF796g4gkIRWacKxU13Vi7aVYakY4ndq9RNEYkzEe0q6hAodUeens1CkqG2WAgkiaEhrN1N8TKQ6VmoS+6QyxHqllLxP/87qJDmpeykScaCrIfFGQcKQjlP2NBkxSovnEEEwkM7ciMsISE23SsU0I7vLLq6RVrbjnlbMbk0YN5sjDMZzAKbhwAXW4hgY0gcAQHuEZXixuPVmv1tu8NWctZo7gD6z3H2UnkB4=</latexit>

Z2

<latexit sha1_base64="fAVshCoJQ81v89k484ZSAoWNa5U=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPux6AXjxHNgskQejo9SZOenqG7RghDPsGLB0W8+kXe/Bs7y0ETHxQ83quiql6QSGHQdb+d3NLyyupafr2wsbm1vVPc3aubONWM11gsY90MqOFSKF5DgZI3E81pFEjeCAY3Y7/xxLURsXrAYcL9iPaUCAWjaKX7x85pp1hyy+4EZJF4M1KCGaqd4le7G7M04gqZpMa0PDdBP6MaBZN8VGinhieUDWiPtyxVNOLGzyanjsiRVbokjLUthWSi/p7IaGTMMApsZ0Sxb+a9sfif10oxvPIzoZIUuWLTRWEqCcZk/DfpCs0ZyqEllGlhbyWsTzVlaNMp2BC8+ZcXSf2k7F2Uz+/OSpXrWRx5OIBDOAYPLqECt1CFGjDowTO8wpsjnRfn3fmYtuac2cw+/IHz+QPkNY2O</latexit>

Z3

<latexit sha1_base64="P8tdODjE+Ccd0sgUfyQHLZQF3qg=">AAAB6nicbVDLSgNBEOz1GVejUY9eBkPAU9gV1BwDgniMaB6YLGF2MpsMmZldZmaFsOQTvHhQxKv4IX6CN//GyeOgiQUNRVU33V1hwpk2nvftrKyurW9s5rbc7Z387l5h/6Ch41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNB6o0i+WdGSU0ELgvWcQINla6ve/63ULRK3tToGXiz0mxmv9MS1fuR61b+Or0YpIKKg3hWOu27yUmyLAyjHA6djuppgkmQ9ynbUslFlQH2fTUMSpZpYeiWNmSBk3V3xMZFlqPRGg7BTYDvehNxP+8dmqiSpAxmaSGSjJbFKUcmRhN/kY9pigxfGQJJorZWxEZYIWJsem4NgR/8eVl0jgt++flsxubRgVmyMERHMMJ+HABVbiGGtSBQB8e4RleHO48Oa/O26x1xZnPHMIfOO8/Y6OQHQ==</latexit>

Z1

<latexit sha1_base64="5uXesc7yCRnlkRqMtXEN/AviWBs=">AAAB6nicbVBNS8NAEJ3UrxqtVj16WSwFTyUpqD0WBPFY0X5gG8pmu2mXbjZhdyOU0J/gxYMiXsUf4k/w5r9x0/agrQ8GHu/NMDPPjzlT2nG+rdza+sbmVn7b3tkt7O0XDw5bKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vbHl5nffqBSsUjc6UlMvRAPBQsYwdpIt/f9ar9YcirODGiVuAtSqhc+k/KV/dHoF796g4gkIRWacKxU13Vi7aVYakY4ndq9RNEYkzEe0q6hAodUeens1CkqG2WAgkiaEhrN1N8TKQ6VmoS+6QyxHqllLxP/87qJDmpeykScaCrIfFGQcKQjlP2NBkxSovnEEEwkM7ciMsISE23SsU0I7vLLq6RVrbjnlbMbk0YN5sjDMZzAKbhwAXW4hgY0gcAQHuEZXixuPVmv1tu8NWctZo7gD6z3H2UnkB4=</latexit>

Z2

<latexit sha1_base64="fAVshCoJQ81v89k484ZSAoWNa5U=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPux6AXjxHNgskQejo9SZOenqG7RghDPsGLB0W8+kXe/Bs7y0ETHxQ83quiql6QSGHQdb+d3NLyyupafr2wsbm1vVPc3aubONWM11gsY90MqOFSKF5DgZI3E81pFEjeCAY3Y7/xxLURsXrAYcL9iPaUCAWjaKX7x85pp1hyy+4EZJF4M1KCGaqd4le7G7M04gqZpMa0PDdBP6MaBZN8VGinhieUDWiPtyxVNOLGzyanjsiRVbokjLUthWSi/p7IaGTMMApsZ0Sxb+a9sfif10oxvPIzoZIUuWLTRWEqCcZk/DfpCs0ZyqEllGlhbyWsTzVlaNMp2BC8+ZcXSf2k7F2Uz+/OSpXrWRx5OIBDOAYPLqECt1CFGjDowTO8wpsjnRfn3fmYtuac2cw+/IHz+QPkNY2O</latexit>

Z3<latexit sha1_base64="RGBtQs0lvtFPWnHPFvY2Bwhn5hI=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWbE17IogssK9gHtWDJppg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy0eiBwOOde7snxY8G1cZwvVFhaXlldK66XNja3tnfKu3tNHSWKsgaNRKTaPtFMcMkahhvB2rFiJPQFa/mj68xvjZnSPJL3ZhIzLyQDyQNOibGS1w2JGVIi0pvpg9srV5yqMwP+S9ycVCBHvVf+7PYjmoRMGiqI1h3XiY2XEmU4FWxa6iaaxYSOyIB1LJUkZNpLZ6Gn+MgqfRxEyj5p8Ez9uZGSUOtJ6NvJLKRe9DLxP6+TmODSS7mME8MknR8KEoFNhLMGcJ8rRo2YWEKo4jYrpkOiCDW2p5ItwV388l/SPKm659Wzu9NK7SqvowgHcAjH4MIF1OAW6tAACo/wBC/wisboGb2h9/loAeU7+/AL6OMbpaOSCA==</latexit>

E1
<latexit sha1_base64="BBS77T1ajR4vb7m/BAOLpb6/PeM=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiTF17IogssK9gFtLJPppB06mcSZSaGEfocbF4q49WPc+TdO2iy09cDA4Zx7uWeOH3OmtON8W4WV1bX1jeJmaWt7Z3fP3j9oqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsf3WR+a0ylYpF40JOYeiEeCBYwgrWRvG6I9ZBgnt5OH6s9u+xUnBnQMnFzUoYc9Z791e1HJAmp0IRjpTquE2svxVIzwum01E0UjTEZ4QHtGCpwSJWXzkJP0YlR+iiIpHlCo5n6eyPFoVKT0DeTWUi16GXif14n0cGVlzIRJ5oKMj8UJBzpCGUNoD6TlGg+MQQTyUxWRIZYYqJNTyVTgrv45WXSrFbci8r5/Vm5dp3XUYQjOIZTcOESanAHdWgAgSd4hld4s8bWi/VufcxHC1a+cwh/YH3+AKcnkgk=</latexit>

E2
<latexit sha1_base64="wmzhCfX1y5ZD2GWTFxgSXDw+NT8=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiS+l0URXFawD2hjmUwn7dDJJM5MCiXkO9y4UMStH+POv3HSZqGtBwYO59zLPXO8iDOlbfvbKiwtr6yuFddLG5tb2zvl3b2mCmNJaIOEPJRtDyvKmaANzTSn7UhSHHictrzRTea3xlQqFooHPYmoG+CBYD4jWBvJ7QZYDwnmyW36eNorV+yqPQVaJE5OKpCj3it/dfshiQMqNOFYqY5jR9pNsNSMcJqWurGiESYjPKAdQwUOqHKTaegUHRmlj/xQmic0mqq/NxIcKDUJPDOZhVTzXib+53Vi7V+5CRNRrKkgs0N+zJEOUdYA6jNJieYTQzCRzGRFZIglJtr0VDIlOPNfXiTNk6pzUT2/P6vUrvM6inAAh3AMDlxCDe6gDg0g8ATP8Apv1th6sd6tj9lowcp39uEPrM8fqKuSCg==</latexit>

E3

Same guarantees as single-node interventions!

Why score functions?

Experiments

Check out other score-based CRL work!

<latexit sha1_base64="L2Fu7IPV8T42Upqla+dTMPXNfYM=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gpdCMGBjmYC5QLKE2cnZZMzs7DIzK4QlpZWNhSK2PoWtr2DnM+hDOLkUGv1h4OP/z2HOOX7MmdKO82Fl5uYXFpeyy7mV1bX1jfzmVk1FiaRYpRGPZMMnCjkTWNVMc2zEEknoc6z7/YtRXr9BqVgkrvQgRi8kXcECRok2VqXRzhecojOW/RfcKRTO3z5vd18rX+V2/r3ViWgSotCUE6WarhNrLyVSM8pxmGslCmNC+6SLTYOChKi8dDzo0N43TscOImme0PbY/dmRklCpQeibypDonprNRuZ/WTPRwamXMhEnGgWdfBQk3NaRPdra7jCJVPOBAUIlM7PatEckodrcJmeO4M6u/Bdqh0X3uHhUcQulM5goCzuwBwfgwgmU4BLKUAUKCHfwAI/WtXVvPVnPk9KMNe3Zhl+yXr4ByBmRYA==</latexit>

X

candidate 
encoder

<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .

decoder

<latexit sha1_base64="XW0hOiqSzBRdSoTmojlfwJY0GjQ=">AAAB6HicbZDJSgNBEIZr4hbHLerRy2AQPIUZweUiBr14TMAsmAyhp1OTtOnpGbp7hBDyBF48KOJVH8a7F/Ft7CwHTfyh4eP/q+iqChLOlHbdbyuzsLi0vJJdtdfWNza3cts7VRWnkmKFxjyW9YAo5ExgRTPNsZ5IJFHAsRb0rkZ57R6lYrG40f0E/Yh0BAsZJdpY5dtWLu8W3LGcefCmkL/4sM+T9y+71Mp9NtsxTSMUmnKiVMNzE+0PiNSMchzazVRhQmiPdLBhUJAIlT8YDzp0DozTdsJYmie0M3Z/dwxIpFQ/CkxlRHRXzWYj87+skerwzB8wkaQaBZ18FKbc0bEz2tppM4lU874BQiUzszq0SySh2tzGNkfwZleeh+pRwTspHJe9fPESJsrCHuzDIXhwCkW4hhJUgALCAzzBs3VnPVov1uukNGNNe3bhj6y3HxvnkCY=</latexit>

Z
<latexit sha1_base64="Ux7oq4ydxwJAphef8i/XexGgMpM=">AAAB7XicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZwctGLLpxWcFesB1KJs200UwyJGeEMvQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTpgIbsDzvp3c3PzC4lJ+2V1ZXVvfKGxu1YxKNWVVqoTSjZAYJrhkVeAgWCPRjMShYPXw7mKY1++ZNlzJa+gnLIhJV/KIUwLWqrV6BPBNu1D0St5IeBb8CRTPPtzT5O3LrbQLn62OomnMJFBBjGn6XgJBRjRwKtjAbaWGJYTekS5rWpQkZibIRtMO8J51OjhS2j4JeOT+7shIbEw/Dm1lTKBnprOh+V/WTCE6CTIukxSYpOOPolRgUHi4Ou5wzSiIvgVCNbezYtojmlCwB3LtEfzplWehdlDyj0qHV36xfI7GyqMdtIv2kY+OURldogqqIopu0QN6Qs+Och6dF+d1XJpzJj3b6I+c9x92l5IR</latexit>

Ẑ

<latexit sha1_base64="5tOnVRUXKVGYCQWLZkDobpo6zU0="></latexit>

incorrect encoder ! sẐ(ẑ)� sm
Ẑ
(ẑ) not a function of only zi & zpa(i)

contact: bvarici@andrew.cmu.edu

<latexit sha1_base64="NHcTUy5yEphIo9tUKgMcchKy2Ak="></latexit>

• Identifiability: (im)possibility of uniquely* recovering Z and GZ

• Achievability: provably correct and scalable algorithms

<latexit sha1_base64="KeFCJYXzlvrlwHGprck2o/sl8WM="></latexit>• Distribution level info: Multiple datasets, almost unsupervised

• Distr. shifts: changes in causal mechanisms pi(zi|zpa(i)) ! qi(zi|zpa(i))

• Prior work: single-node interventions

<latexit sha1_base64="YIV6g/HqRD3VBZCkbzLptKfIM6U="></latexit>

Multi-node interventions: M � n environments
unknown interv. targets Im ⇢ [n], for m 2 [M ]

env. Em with Im : pm(z) =
Y

i2Im

qi(zi|zpa(i))
Y

i/2Im

pi(zi|zpa(i))

<latexit sha1_base64="/s0d6Pi5kZGhzChdcJa6BBQ8qvc="></latexit>

for each environment

Xe = f(Ze)

intervention targets Ie ⇢ [n]

<latexit sha1_base64="aMyn7uR8pGchYQJy/7K5EX1wjWQ="></latexit>

Diverse: full-rank intervention matrix D 2 {0, 1}n⇥M with Di,m = I(i 2 Im)

<latexit sha1_base64="JjyAB1rB1vVzWBurINeDy4YYMxk="></latexit>

Regularity (informal): E↵ect of a multi-node intervention is not the same
on the scores associated with di↵erent nodes.

<latexit sha1_base64="kcD/469Dt4gDd7hgB7cFMY0jhe0="></latexit>

log p(z)� log pm(z) = log pi(zi|zpa(i))� log qi(zi|zpa(i))

function of only zi and zpa(i)

<latexit sha1_base64="wPtlRkNGGb0QZZYWjCRblLvp0w4="></latexit>

Property: s(z) = G> · sX(x)

<latexit sha1_base64="/7mSirGofWoNk/gvGNv1bjbRiCU="></latexit>

Linear transform: X = G · Z

<latexit sha1_base64="OqmSq4tLdQrDW0TDZ3OoX/RCWMA="></latexit>

Observational : s(z) , rz log p(z) and sX(x) , rx log pX(x)

Interventional : sm(z) , rz log p
m(z) and smX(x) , rx log p

m
X(x)

Score functions
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Theorem (soft): Using diverse, regular unknown multi-node soft
interventions, we have identifiability up to ancestors:

• Ẑi is a linear function of Zi [ {Zj : j 2 ancestors(i)},

• ĜZ is transitive closure of GZ

Theorem (hard): Using diverse, regular unknown multi-node hard
interventions and additive noise, we have perfect identifiability:

• Ẑi = ci ⇥ Zi for a constant scalar ci, and ĜZ = GZ

estimated score differences cannot be sparser than true score differences  
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estimate of inverse transform G
† =

encoder H that minimizes score variations
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G
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H

<latexit sha1_base64="kPQq7nvYX+jHHJrfUTM/m0aZYno="></latexit>Challenges for multi-node interventions
• The intervention targets are fully unknown!
• Latent score differences are not sparse for multi-node:

s(z)� sm(z) =
X

i2Im

rz log
pi
qi
(zi | zpa(i))

��E[s(z)� sm(z)]
��
0
=

�� [i2Im pa(i) [ {i}
��

<latexit sha1_base64="HAVYvQPLPkQdhnvff2XnEZ48X54="></latexit>1. Combine multi-node interv. to create sparser interventions

• Idea: if intervention targets are diverse, reduce to single-int. problem

• Example: Given I1 = {1}, I2 = {1, 3}, I3 = {2, 3} and I0 = ;

• s2(z)� s1(z) gives Ĩ3 = {3}, s3(z)� s̃3(z) gives Ĩ2 = {2}

2. How to do it with unknown intervention targets?

• Consider sX , s1X , . . . , snX . Iteratively search mixing vectors w 2 Nn

dim
⇣
proj.image

� X

i2[n]

wi · (sX � siX)
�⌘

= 1

• Why? Single-node root intervention, i-th row of G† = image(sX � siX)

• If score difference is not minimized, then dimension of the image > 1

• Encoder estimate: choose H 2 image(�SX ·W) ⇢ Rd⇥n
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• Linear Gaussian SEMs with Erdős–Rényi random graphs (100 runs)

• Scores: sX(x) = �⇥ · x, estimate precision matrix ⇥ with 105 samples

• Sensitivity analysis for quadratic models (ground truth scores + noise)

• Structural Hamming distance (SHD) for latent graph (ideally 0)

• Mean correlation coefficient (MCC) for latent variables (ideally 1)

Results


