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“.. learn a representation (partially) exposing the unknown causal structure, e.g.,  
which variables describe the system, and their relations ..” Schölkopf et al., 2021

Generic goal: Invert the unknown transformation to recover

      1) latent representation  and   2) the latent causal structure

Interv. / node Main resultsLatent model

2 hard perfect ID Nonparametric 

perfect ID
(true DAG + Markov)

provably correct algorithms for all settings

CRL from Interventions

Our contributions

Observed
data

Latent 
space
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Transformation

(e.g., joints’ positions)

Sufficiently 
nonlinear +        +        =  1 hard (soft)

Nonparametric perfect ID
(ID up to ancestors)1 hard (soft)+        +        =  

+        +        =  

Why score functions?

Score functions contain all information about latent DAGs

<latexit sha1_base64="TFvR0NRbeBqQO0mgezNQAyvq5d8="></latexit>

p(z) = pi(zi | zpa(i))
Q
j 6=i

pj(zj | zpa(j))
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s(z) , rz log p(z)
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sm(z) , rz log p
m(z)

<latexit sha1_base64="NFzBUEGSAt7uPP/1HPD/l61/RJU="></latexit>

pm(z) = qi(zi)
Q
j 6=i

pj(zj | zpa(j))

<latexit sha1_base64="WGIHFywIwQiySZdk1+3dg+IxRiQ="></latexit>

pi(zi | zpa(i))
<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .
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or qi(zi)
<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .
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X

candidate 
encoder

<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .

decoder

<latexit sha1_base64="XW0hOiqSzBRdSoTmojlfwJY0GjQ=">AAAB6HicbZDJSgNBEIZr4hbHLerRy2AQPIUZweUiBr14TMAsmAyhp1OTtOnpGbp7hBDyBF48KOJVH8a7F/Ft7CwHTfyh4eP/q+iqChLOlHbdbyuzsLi0vJJdtdfWNza3cts7VRWnkmKFxjyW9YAo5ExgRTPNsZ5IJFHAsRb0rkZ57R6lYrG40f0E/Yh0BAsZJdpY5dtWLu8W3LGcefCmkL/4sM+T9y+71Mp9NtsxTSMUmnKiVMNzE+0PiNSMchzazVRhQmiPdLBhUJAIlT8YDzp0DozTdsJYmie0M3Z/dwxIpFQ/CkxlRHRXzWYj87+skerwzB8wkaQaBZ18FKbc0bEz2tppM4lU874BQiUzszq0SySh2tzGNkfwZleeh+pRwTspHJe9fPESJsrCHuzDIXhwCkW4hhJUgALCAzzBs3VnPVov1uukNGNNe3bhj6y3HxvnkCY=</latexit>

Z

<latexit sha1_base64="O0EgLX1OtGV1dL7ECGwdoorOQKc="></latexit>

incorrect encoder ! sẐ(ẑ)� sm
Ẑ
(ẑ) not a function of only zpa(i)

<latexit sha1_base64="Ux7oq4ydxwJAphef8i/XexGgMpM=">AAAB7XicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZwctGLLpxWcFesB1KJs200UwyJGeEMvQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTpgIbsDzvp3c3PzC4lJ+2V1ZXVvfKGxu1YxKNWVVqoTSjZAYJrhkVeAgWCPRjMShYPXw7mKY1++ZNlzJa+gnLIhJV/KIUwLWqrV6BPBNu1D0St5IeBb8CRTPPtzT5O3LrbQLn62OomnMJFBBjGn6XgJBRjRwKtjAbaWGJYTekS5rWpQkZibIRtMO8J51OjhS2j4JeOT+7shIbEw/Dm1lTKBnprOh+V/WTCE6CTIukxSYpOOPolRgUHi4Ou5wzSiIvgVCNbezYtojmlCwB3LtEfzplWehdlDyj0qHV36xfI7GyqMdtIv2kY+OURldogqqIopu0QN6Qs+Och6dF+d1XJpzJj3b6I+c9x92l5IR</latexit>

Ẑ

<latexit sha1_base64="ty6ZAaZ9BvExxjp8md+KxnQy578="></latexit>

s(z)� sm(z) = rz log pi(zi | zpa(i))�rz log qi(zi)

<latexit sha1_base64="ggCN8oieoqGuKwmviiFnNEM/oRQ="></latexit>

sẐ(ẑ)� sm
Ẑ
(ẑ) = [Jdecoder(ẑ)]>(sX(x)� smX(x))

Min. score variations over environment pairs = correct encoder

estimated score differences cannot be 
sparser than true score differences  

Results

Theorem : Observational data and two hard interventions/node 

 Perfect ID
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Zi

<latexit sha1_base64="q9nozgCEckol7al6Sc3BmSiQPXk=">AAACCnicbVC7SgNBFJ31GeMraqnFaBBiE3YFH4VFwMZSwaiQDcvs5CYZMvtw5q4Yl9Q2Qr7ExkIRO/EL7PwQeyePQhMPXDicc+/MvcePpdBo21/WxOTU9MxsZi47v7C4tJxbWb3QUaI4lHkkI3XlMw1ShFBGgRKuYgUs8CVc+q3jnn95A0qLKDzHdgzVgDVCURecoZG83KaLcIv9d1JfJtBJXRSyBvTaE4U7T+x0vFzeLtp90HHiDEm+tNF1C9/v3VMv9+nWIp4EECKXTOuKY8dYTZlCwSV0sm6iIWa8xRpQMTRkAehq2l+hQ7eNUqP1SJkKkfbV3xMpC7RuB77pDBg29ajXE//zKgnWD6upCOMEIeSDj+qJpBjRXi60JhRwlG1DGFfC7Ep5kynG0aSXNSE4oyePk4vdorNf3Dtz8qUjMkCGrJMtUiAOOSAlckJOSZlwck8eyTN5sR6sJ+vVehu0TljDmTXyB9bHDyLant0=</latexit>

q̃i(zi)
<latexit sha1_base64="Ng4lOAHzRl2nxQ5OwRZJ2EwaWwE=">AAACAnicbVC7SgNBFJ31GeMraiVaLAYhNmFX8FFYBGwsI5gHJGGZndwkQ2YfztwV4xJs7PMVNhaK2Fr5CXZ+iL2TTQpNPHDhcM69c+ceNxRcoWV9GTOzc/MLi6ml9PLK6tp6ZmOzrIJIMiixQASy6lIFgvtQQo4CqqEE6rkCKm73fOhXbkAqHvhX2Auh4dG2z1ucUdSSk9muI9xi8k4sodmPrx2eu3P4Qd/JZK28lcCcJvaYZAu7g3ru+2NQdDKf9WbAIg98ZIIqVbOtEBsxlciZgH66HikIKevSNtQ09akHqhEnq/vmvlaaZiuQunw0E/X3REw9pXqeqzs9ih016Q3F/7xahK3TRsz9MELw2WhRKxImBuYwD7PJJTAUPU0ok1z/1WQdKilDnVpah2BPnjxNyod5+zh/dGlnC2dkhBTZIXskR2xyQgrkghRJiTByTx7JM3kxHown49V4G7XOGOOZLfIHxvsPFrSbkg==</latexit>

qi(zi)<latexit sha1_base64="y8K33A2RFyfyPXWsgqein6sftw0="></latexit>

Interventional discrepancy:
@

@zi

qi(zi)

q̃i(zi)
6= 0 almost everywhere

von Kügelgen et al.(2023): Coupled two hard + faithfulness = Perfect ID 

Nonparametric transform

Linear transform + nonlinear latents
e.g., 2-layer NN with additive noise

<latexit sha1_base64="0ko9dSlpY6lkBHl4YycMZPkAkT8="></latexit>

A1 (nonlinearity): rank(im(s� sm)) = |pa(i)|

Theorem : Linear transform + one intervention/node + A1   

<latexit sha1_base64="yWxyZ1euLl6ukHdV4r+nLr6aWzk=">AAACLHicbZDLSsNAFIYn9VbjLerSzWBRKkhJ6nWhUOjGZQV7wSaEyXTSDp1cmJkIJfSB3PgqgriwiFufw0kbUKsHhvn5/jmcOb8XMyqkaU60wsLi0vJKcVVfW9/Y3DK2d1oiSjgmTRyxiHc8JAijIWlKKhnpxJygwGOk7Q3rmd9+IFzQKLyTo5g4AeqH1KcYSYVco24PkIT3rgUPr7PLtvWcVGekCr/RSYZSmwdQjRuXlXms4JFrlMyKOS34V1i5KIG8Gq7xYvcinAQklJghIbqWGUsnRVxSzMhYtxNBYoSHqE+6SoYoIMJJp8uO4YEiPehHXJ1Qwin92ZGiQIhR4KmXAZIDMe9l8D+vm0j/0klpGCeShHg2yE8YlBHMkoM9ygmWbKQEwpyqv0I8QBxhqfLVVQjW/Mp/Ratasc4rZ7enpdpVHkcR7IF9UAYWuAA1cAMaoAkweATP4A1MtCftVXvXPmZPC1reswt+lfb5BdrPooU=</latexit>

Ẑ1 = Z1

Ẑ2 = Z2

Ẑ3 = lin(Z2, Z3)

Going beyond ‘ID ancestors’ for soft 
(nonlinearity = up to ancestors in Zhang’23) 

<latexit sha1_base64="DwkJFNv0+zcBaNaekWZp1g/BCjg="></latexit>

Z1

<latexit sha1_base64="4bwp07bGJZXb0T5Ugv+FG4Fdty0="></latexit>

Z2

<latexit sha1_base64="iE+UMweJrDrUEkyWE4MxTenXfG0="></latexit>

Z3

Linear transform + any latents
<latexit sha1_base64="PD/JQ7yjGgMZ0FD9qcCJW1IZISU="></latexit>

A2 (mild): 8j 2 pa(Im), [s�sm]j
[s�sm]Im

6= constant e.g., weights change in linear model

Theorem : Linear transform + one intervention/node + A2   

No parametric restrictions on latents  (linear models on Squires’23, Buchholz’23)

hard: Perfect ID ;  soft: Perfect DAG + Markov Property 

hard : Perfect ID ;    soft: ID up to ancestors 

Non-linear latent model:  
<latexit sha1_base64="II2yUCnhtz5FdVZzpDQBdARTYzw="></latexit>

Zi =
q
Z>
pa(i)Ap,iZpa(i) +Np,i

Non-linear transform: 𝑋 = tanh(𝑇	. 𝑍) 

Input score differences (s! − s!"): Perfect score oracle or Sliced Score Matching

Two hard / node
Linear transform: 𝑋 = 𝑇	. 𝑍

One hard / node
Obs. 
dim

Norm. 
Z error

DAG error 
(SHD)

Norm.
 Z error

DAG error 
(SHD)

8 0.50 5.4 0.75 10.3

25 0.51 6.0 0.78 8.9

40 0.50 5.3 0.61 11.9

Experiments

Sufficient Interventional Diversity:
2 different hard interventions per node in the latent space 

Decoder

Encoder

Latent Space

Observed space

+ Reconstruction Loss (ensures injectivity)

Minimize

Provably correct algorithm for unsupervised learning
(small variations for different settings)

Algorithm Overview

Intervention 1

Transformation Intervention 2

Observed space

reach out at: burakvarici@gmail.com

find the paper

Obs. 
dim

Norm. 
Z error

DAG error 
(SHD)

Norm.
 Z error

DAG error 
(SHD)

8 0.16 1.56 0.70 11.9

25 0.20 1.55 0.68 10.5

40 0.21 1.14 0.71 11.8

n=8 latent variables

score oracle noisy scores score oracle noisy scores

<latexit sha1_base64="9RyeFT17LHrPd2QsH/zd3RYKcwA=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyyFuikz4qUboeBGdxXsBTrTkkkzbWgmGZKMWIY+gRtfxY0LRdy6dufbmLaz0NYfAh//OYeT8wcxo0o7zre1tLyyurae28hvbm3v7Np7+w0lEolJHQsmZCtAijDKSV1TzUgrlgRFASPNYHg1qTfviVRU8Ds9iokfoT6nIcVIG6trFz2OAoagx0Qfxp3UUyG84brrjksPx/ASqo5roGsXnLIzFVwEN4MCyFTr2l9eT+AkIlxjhpRqu06s/RRJTTEj47yXKBIjPER90jbIUUSUn07PGcOicXowFNI8ruHU/T2RokipURSYzgjpgZqvTcz/au1EhxU/pTxONOF4tihMGNQCTrKBPSoJ1mxkAGFJzV8hHiCJsDYJ5k0I7vzJi9A4Kbvn5bPb00K1ksWRA4fgCJSACy5AFVyDGqgDDB7BM3gFb9aT9WK9Wx+z1iUrmzkAf2R9/gAqrZo8</latexit>

r log pInt1(x) = s1(x)
<latexit sha1_base64="Oq2iRUBII2BeJ1vf/ysFrCvzseQ=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAp1E1JipduhIIb3VWwF2jSMJlO2qGTSZiZiCX0Cdz4Km5cKOLWtTvfxmmbhbb+MPDxn3M4c34/ZlQqy/o2ciura+sb+c3C1vbO7p65f9CSUSIwaeKIRaLjI0kY5aSpqGKkEwuCQp+Rtj+6mtbb90RIGvE7NY6JG6IBpwHFSGnLM0sORz5D0GHRAMa91JEBvOHKq07KDyfwEspeVYNnFq2KNRNcBjuDIsjU8Mwvpx/hJCRcYYak7NpWrNwUCUUxI5OCk0gSIzxCA9LVyFFIpJvOzpnAknb6MIiEflzBmft7IkWhlOPQ150hUkO5WJua/9W6iQpqbkp5nCjC8XxRkDCoIjjNBvapIFixsQaEBdV/hXiIBMJKJ1jQIdiLJy9Dq1qxzytnt6fFei2LIw+OwDEoAxtcgDq4Bg3QBBg8gmfwCt6MJ+PFeDc+5q05I5s5BH9kfP4ALcWaPg==</latexit>

r log pInt2(x) = s2(x)

<latexit sha1_base64="Goay99s6/VMw5Du3JdkSLt1DPl8=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIFaHMFC/dCAU3uqtgL9Bph0yaaUMzyZBkxDL0Idz4Km5cKOLWhTvfxrSdhbb+EPjyn3NIzu9HjCpt299WZml5ZXUtu57b2Nza3snv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHVpN68J1JRwe/0KCKdEPU5DShG2lhe/sTlyGcIukz0YdRNXBXAG669pMzH4+LDMbyEqju5GPbyBbtkTwUXwUmhAFLVvPyX2xM4DgnXmCGl2o4d6U6CpKaYkXHOjRWJEB6iPmkb5CgkqpNMlxrDI+P0YCCkOVzDqft7IkGhUqPQN50h0gM1X5uY/9XasQ4qnYTyKNaE49lDQcygFnCSEOxRSbBmIwMIS2r+CvEASYS1yTFnQnDmV16ERrnknJfObk8L1UoaRxYcgENQBA64AFVwDWqgDjB4BM/gFbxZT9aL9W59zFozVjqzD/7I+vwBpMqdRg==</latexit>

r log pInt2n(x) = s2n(x)

<latexit sha1_base64="Sk+5AuV9B+O6DdqUV360mG8Dau8="></latexit>���E
⇥
|Jacdec(x)(s1(x)� s2(x))|

⇤
· · · E

⇥
|Jacdec(x)(s2n�1(x)� s2n(x))|

⇤���
0

Transform

Nonparametric

Linear 

Linear 

<latexit sha1_base64="HOYDNOgSEa4POlQxsz0aD8OLLDc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBahXkoifl2EohePFWwbbEPZbDft0s0m7m6EEvonvHhQxKt/x5v/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKS8srq2vF9dLG5tb2jr2711RxKgltkJjH0guwopwJ2tBMc+olkuIo4LQVDG8mfuuJSsVica9HCfUj3BcsZARrI3keukL9ysNx1y47VWcKtEjcnJQhR71rf3V6MUkjKjThWKm26yTaz7DUjHA6LnVSRRNMhrhP24YKHFHlZ9N7x+jIKD0UxtKU0Giq/p7IcKTUKApMZ4T1QM17E/E/r53q8NLPmEhSTQWZLQpTjnSMJs+jHpOUaD4yBBPJzK2IDLDERJuISiYEd/7lRdI8qbrn1bO703LtOo+jCAdwCBVw4QJqcAt1aAABDs/wCm/Wo/VivVsfs9aClc/swx9Ynz8fD467</latexit>

X = g(Z)

1. Identifiability: Conditions for uniquely recovering 𝑍 and 𝒢!
2. Achievability: Provably correct algorithms to recover Z and 𝒢! Methodology

<latexit sha1_base64="wJbUoGb1EpHMP8SZYpGIaecHVZY=">AAACD3icbZDLSgMxFIYz9VbrrerSTbBVXJWZgpeFi4IblxXsBdqhZDJn2tBMMiQZoZS+gRtfxY0LRdy6defbmE670NYfAh//OSfJ+YOEM21c99vJrayurW/kNwtb2zu7e8X9g6aWqaLQoJJL1Q6IBs4ENAwzHNqJAhIHHFrB8GZabz2A0kyKezNKwI9JX7CIUWKs1SuednWEqZQqZIIY0FhGOCEKhMlQyBBwmZV7xZJbcTPhZfDmUEJz1XvFr24oaRrbiygnWnc8NzH+mCjDKIdJoZtqSAgdkj50LAoSg/bH2T4TfGKdEEdS2SMMztzfE2MSaz2KA9sZEzPQi7Wp+V+tk5royh8zkaQGBJ09FKUcG4mn4eCQKaCGjywQqpj9K6YDogg1NsKCDcFbXHkZmtWKd1E5v6uWatfzOPLoCB2jM+ShS1RDt6iOGoiiR/SMXtGb8+S8OO/Ox6w158xnDtEfOZ8/mnmbtw==</latexit>

coordinates of parents of node i

<latexit sha1_base64="gd21GdCX/LDbW5qgibUAtRxdrNk="></latexit>

node i intervened: s(z)� sm(z) becomes a function of only zpa(i)
<latexit sha1_base64="DS+QTbCGsJkHfa3l3Tkp9+pNHdw="></latexit>

s(z)� sm(z) =
⇥
0 0 x 0 x 0

⇤>


