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Causal Representation Learning (CRL)

Transformation

Figure: Camera-to-Robot Pose Es5ma5on from a Single Image, ICRA 2020

(e.g., joints’ positions)

“.. learn a representation (partially) exposing the unknown causal structure, e.g., 
which variables describe the system, and their relations .. “ Schölkopf et al., 2021
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1. Identifiability: Conditions for uniquely recovering ! and "!

2. Achievability: Provably correct algorithms to recover ! and "!

CRL Objectives

Observed
data

Latent 
space

CRL is impossible from only observational data 

<latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .
<latexit sha1_base64="MRWShDsHDtbrhjwuionChi704B4=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M7QIFaEkgpeNEHTjsoJtg20ok+mkHTqZxJmJEEpfQgQXirj1ddz1bZxeFtr6w8DH/5/DnHOChDOlbXtkLS2vrK6t5zbym1vbO7uFvf26ilNJaI3EPJZegBXlTNCaZppTL5EURwGnjaB/M84bT1QqFot7nSXUj3BXsJARrI3leegKdcsPx+1Cya7YE6FFcGZQcoutk5eRm1Xbhe9WJyZpRIUmHCvVdOxE+wMsNSOcDvOtVNEEkz7u0qZBgSOq/MFk3iE6Mk4HhbE0T2g0cX93DHCkVBYFpjLCuqfms7H5X9ZMdXjpD5hIUk0FmX4UphzpGI2XRx0mKdE8M4CJZGZWRHpYYqLNifLmCM78yotQP60455WzO6fkXsNUOTiEIpTBgQtw4RaqUAMCHJ7hDd6tR+vV+rA+p6VL1qznAP7I+voBOgiRxw==</latexit>

X = g(Z)
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Identifiability Results

Latent Model Transform Int. / node ID Results
Nonparametric Linear

Ahuja et al. (2023) Nonparametric Polynomial
1 do (or 1 soft 

with ind. support) ✔

Zhang et al. (2023)
Nonparametric + 

nonlinear Polynomial 1 soft ancestors

von Kügelgen et al. (2023)
Nonparametric + 

faithfulness Nonparametric 2 hard ✔

Nonparametric

Nonparametric Latent Models
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Latent Model Transform Int. / node ID Results
Squires et al. (2023) Linear + Gaussian Linear 1 hard (or soft) ✔ (or ancestors)

Buchholz et al. (2023) Linear + Gaussian Nonparametric 1 hard ✔

Parametric Latent Models



Latent Model Transform Int. / node ID Results
Nonparametric Linear

Ahuja et al. (2023) Nonparametric Polynomial
1 do (or 1 soft 

with ind. support) ✔

Zhang et al. (2023)
Nonparametric + 

nonlinear Polynomial 1 soft ancestors

von Kügelgen et al. (2023)
Nonparametric + 

faithfulness Nonparametric 2 hard ✔

Nonparametric

Nonparametric Latent – What is Missing?

Nonparametric Latent Models

Provably correct algorithms for nonparametric transform

Identifiability guarantees with 1 intervention/node
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Transform Interventions Main results

Our Contributions
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Latent model

Nonparametric Two hard+ 1. perfect ID 
2. provably correct algo+ = CRL@

NeurIPS
Nonparametric 

1. perfect ID 
(1. ID up to ancestors) 

2. provably correct algo

Linear One hard (soft)+ + = Coming 
soonNonparametric 

1. perfect ID
(1. perfect DAG + Markov) 

2. provably correct algo

Linear One hard (soft)+ + = Varıcı et al.
2023

Sufficiently nonlinear 



Sufficient Interventional Diversity: 2 different hard interventions per node in the latent space 

Transformation
          

Encoder

Decoder

Latent Space

Observed space

+ Reconstruction Loss   

Minimize

Provably correct algorithm for unsupervised learning
(small variations for each setting)

Algorithm Overview

Intervention 1

Intervention 2

<latexit sha1_base64="9RyeFT17LHrPd2QsH/zd3RYKcwA=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyyFuikz4qUboeBGdxXsBTrTkkkzbWgmGZKMWIY+gRtfxY0LRdy6dufbmLaz0NYfAh//OYeT8wcxo0o7zre1tLyyurae28hvbm3v7Np7+w0lEolJHQsmZCtAijDKSV1TzUgrlgRFASPNYHg1qTfviVRU8Ds9iokfoT6nIcVIG6trFz2OAoagx0Qfxp3UUyG84brrjksPx/ASqo5roGsXnLIzFVwEN4MCyFTr2l9eT+AkIlxjhpRqu06s/RRJTTEj47yXKBIjPER90jbIUUSUn07PGcOicXowFNI8ruHU/T2RokipURSYzgjpgZqvTcz/au1EhxU/pTxONOF4tihMGNQCTrKBPSoJ1mxkAGFJzV8hHiCJsDYJ5k0I7vzJi9A4Kbvn5bPb00K1ksWRA4fgCJSACy5AFVyDGqgDDB7BM3gFb9aT9WK9Wx+z1iUrmzkAf2R9/gAqrZo8</latexit>

r log pInt1(x) = s1(x)
<latexit sha1_base64="Oq2iRUBII2BeJ1vf/ysFrCvzseQ=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAp1E1JipduhIIb3VWwF2jSMJlO2qGTSZiZiCX0Cdz4Km5cKOLWtTvfxmmbhbb+MPDxn3M4c34/ZlQqy/o2ciura+sb+c3C1vbO7p65f9CSUSIwaeKIRaLjI0kY5aSpqGKkEwuCQp+Rtj+6mtbb90RIGvE7NY6JG6IBpwHFSGnLM0sORz5D0GHRAMa91JEBvOHKq07KDyfwEspeVYNnFq2KNRNcBjuDIsjU8Mwvpx/hJCRcYYak7NpWrNwUCUUxI5OCk0gSIzxCA9LVyFFIpJvOzpnAknb6MIiEflzBmft7IkWhlOPQ150hUkO5WJua/9W6iQpqbkp5nCjC8XxRkDCoIjjNBvapIFixsQaEBdV/hXiIBMJKJ1jQIdiLJy9Dq1qxzytnt6fFei2LIw+OwDEoAxtcgDq4Bg3QBBg8gmfwCt6MJ+PFeDc+5q05I5s5BH9kfP4ALcWaPg==</latexit>

r log pInt2(x) = s2(x)

<latexit sha1_base64="Goay99s6/VMw5Du3JdkSLt1DPl8=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIFaHMFC/dCAU3uqtgL9Bph0yaaUMzyZBkxDL0Idz4Km5cKOLWhTvfxrSdhbb+EPjyn3NIzu9HjCpt299WZml5ZXUtu57b2Nza3snv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHVpN68J1JRwe/0KCKdEPU5DShG2lhe/sTlyGcIukz0YdRNXBXAG669pMzH4+LDMbyEqju5GPbyBbtkTwUXwUmhAFLVvPyX2xM4DgnXmCGl2o4d6U6CpKaYkXHOjRWJEB6iPmkb5CgkqpNMlxrDI+P0YCCkOVzDqft7IkGhUqPQN50h0gM1X5uY/9XasQ4qnYTyKNaE49lDQcygFnCSEOxRSbBmIwMIS2r+CvEASYS1yTFnQnDmV16ERrnknJfObk8L1UoaRxYcgENQBA64AFVwDWqgDjB4BM/gFbxZT9aL9W59zFozVjqzD/7I+vwBpMqdRg==</latexit>

r log pInt2n(x) = s2n(x)

Observed space

<latexit sha1_base64="d3ahNf6U9gC/mIpwaaRumobiA1E="></latexit>���E
⇥
|Jacdec(x)(s1(x)� s2(x))|

⇤
· · · E

⇥
|Jacdec(x)(s2n�1(x)� s2n(x))|

⇤���
0
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Non-linear latent model:  

Empirical Results
<latexit sha1_base64="II2yUCnhtz5FdVZzpDQBdARTYzw="></latexit>

Zi =
q
Z>
pa(i)Ap,iZpa(i) +Np,i

Non-linear transform: ! = tanh((	. +) 

Input score differences (s! − s!"): Perfect score oracle or learn from data (Sliced Score Matching)

Y. Song, S. Garg, J. Shi, and S. Ermon, “Sliced score matching: A scalable approach to density and score estimation,” UAI 2020

Two hard / node

Obs. 
dim

Norm. 
Z error

DAG error 
(SHD)

Norm.
Z error

DAG error 
(SHD)

8 0.16 1.56 0.70 11.9

25 0.20 1.55 0.68 10.5

40 0.21 1.14 0.71 11.8

Linear transform: ! = (	. +
One hard / node

Obs. 
dim

Norm. 
Z error

DAG error 
(SHD)

Norm.
Z error

DAG error 
(SHD)

8 0.50 5.4 0.75 10.3

25 0.51 6.0 0.78 8.9

40 0.50 5.3 0.61 11.9

8
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n=8 latent variables



<latexit sha1_base64="WGIHFywIwQiySZdk1+3dg+IxRiQ="></latexit>

pi(zi | zpa(i))

Observational Env. Interventional Env.

<latexit sha1_base64="uI/p5GbuzqF0AGqO/5hiaJ+yAr4=">AAACEXicbVC7SgNBFJ31GeMraqnFYBBiE3YFHxCLgI2lgtFANiyzkxsdnH04c1eMy/6CKfwVGwtFbO3s/BB7J5sUvg4MnDnnPmaOH0uh0bY/rLHxicmp6cJMcXZufmGxtLR8qqNEcWjwSEaq6TMNUoTQQIESmrECFvgSzvzLg4F/dg1Kiyg8wV4M7YCdh6IrOEMjeaWKi3CDaaQy6tbcGs2v+dhUQSdLrzxRufXEZuaVynbVzkH/EmdEyvW1vlv5fO0feaV3txPxJIAQuWRatxw7xnbKFAouISu6iYaY8Ut2Di1DQxaAbqf56oxuGKVDu5EyJ0Saq987UhZo3Qt8UxkwvNC/vYH4n9dKsLvXTkUYJwghHy7qJpJiRAfx0I5QwFH2DGFcCfNWyi+YYhxNiEUTgvP7y3/J6VbV2aluHzvl+j4ZokBWyTqpEIfskjo5JEekQTi5Iw/kiTxb99aj9WK9DkvHrFHPCvkB6+0LKdOhkA==</latexit>

or qi(zi)

<latexit sha1_base64="99bk69G4NgT2ZB1aamaSIcLUNEs=">AAACC3icbVC7SgNBFJ31GeMramkzJAixCbviq7AI2FhGMA/IhuXuZDYZMjuzzswKSUhv46/YWChi6w/Y+TdOHoUmHrhwOOde7r0nTDjTxnW/naXlldW19cxGdnNre2c3t7df0zJVhFaJ5FI1QtCUM0GrhhlOG4miEIec1sPe9divP1ClmRR3pp/QVgwdwSJGwFgpyOV1cXCMfaMYiA6n99gXEHIIBtjnsoMT6wa5gltyJ8CLxJuRApqhEuS+/LYkaUyFIRy0bnpuYlpDUIYRTkdZP9U0AdKDDm1aKiCmujWc/DLCR1Zp40gqW8Lgifp7Ygix1v04tJ0xmK6e98bif14zNdFla8hEkhoqyHRRlHJsJB4Hg9tMUWJ43xIgitlbMemCAmJsfFkbgjf/8iKpnZS889LZ7WmhfDWLI4MOUR4VkYcuUBndoAqqIoIe0TN6RW/Ok/PivDsf09YlZzZzgP7A+fwBTV+Z8A==</latexit>

s(z) , rz log p(z)
<latexit sha1_base64="NTk7m55NY8zSJ4/5b1vBydtHpmQ=">AAACD3icbVC5TsNAEF2HK4TLQEmzIgKFJrIRV0ERiYYySOSQYmONN5tklfXa7K6Rkih/QMOv0FCAEC0tHX/D5igg4UkjPb03o5l5YcKZ0o7zbWUWFpeWV7KrubX1jc0te3unquJUElohMY9lPQRFORO0opnmtJ5IClHIaS3sXo382gOVisXiVvcS6kfQFqzFCGgjBfahuosK/SPsaclAtDm9x56AkEPQxx6P2zgZ+4Gdd4rOGHieuFOSR1OUA/vLa8YkjajQhINSDddJtD8AqRnhdJjzUkUTIF1o04ahAiKq/MH4nyE+MEoTt2JpSmg8Vn9PDCBSqheFpjMC3VGz3kj8z2ukunXhD5hIUk0FmSxqpRzrGI/CwU0mKdG8ZwgQycytmHRAAtEmwpwJwZ19eZ5Uj4vuWfH05iRfupzGkUV7aB8VkIvOUQldozKqIIIe0TN6RW/Wk/VivVsfk9aMNZ3ZRX9gff4AgAybrg==</latexit>

sm(z) , rz log p
m(z)

<latexit sha1_base64="oD6yNf/z6KRr/5oPhp6IwvoXwTA="></latexit>

s(z)� sm(z) = rz log pi(zi | zpa(i))�rz log qi(zi)

<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . . <latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .

Score-based CRL

9
Score functions contain all the information about latent DAGs



<latexit sha1_base64="L2Fu7IPV8T42Upqla+dTMPXNfYM=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gpdCMGBjmYC5QLKE2cnZZMzs7DIzK4QlpZWNhSK2PoWtr2DnM+hDOLkUGv1h4OP/z2HOOX7MmdKO82Fl5uYXFpeyy7mV1bX1jfzmVk1FiaRYpRGPZMMnCjkTWNVMc2zEEknoc6z7/YtRXr9BqVgkrvQgRi8kXcECRok2VqXRzhecojOW/RfcKRTO3z5vd18rX+V2/r3ViWgSotCUE6WarhNrLyVSM8pxmGslCmNC+6SLTYOChKi8dDzo0N43TscOImme0PbY/dmRklCpQeibypDonprNRuZ/WTPRwamXMhEnGgWdfBQk3NaRPdra7jCJVPOBAUIlM7PatEckodrcJmeO4M6u/Bdqh0X3uHhUcQulM5goCzuwBwfgwgmU4BLKUAUKCHfwAI/WtXVvPVnPk9KMNe3Zhl+yXr4ByBmRYA==</latexit>

X

<latexit sha1_base64="AxOIWpARkCdE9BptNXErCVDSE9E=">AAACG3icbVC7SgNBFJ2NrxhfUUstBoMQm7Ab8FFYBGwsI5gHyS5hdjLJDpl9MHNXDUu+Ia2Nv2KhhSJWgoUfYu/kUWjigQuHc+7l3nvcSHAFpvllpBYWl5ZX0quZtfWNza3s9k5VhbGkrEJDEcq6SxQTPGAV4CBYPZKM+K5gNbd3MfJrN0wqHgbX0I+Y45NuwDucEtBSK1tsYPtO8q4HRMrwtukk3QGuz2reANseAdzIe0e4lc2ZBXMMPE+sKcmV9od2/vtpWG5lP+x2SGOfBUAFUappmRE4CZHAqWCDjB0rFhHaI13W1DQgPlNOMv5tgA+10sadUOoKAI/V3xMJ8ZXq+67u9Al4atYbif95zRg6Z07CgygGFtDJok4sMIR4FBRuc8koiL4mhEqub8XUI5JQ0HFmdAjW7MvzpFosWCeF4ysrVzpHE6TRHjpAeWShU1RCl6iMKoiie/SIXtCr8WA8G2/G+6Q1ZUxndtEfGJ8/sE+k3A==</latexit>

Z
g�! X

h�! Ẑ(h)

estimated score differences cannot be sparser than true score differences  

candidate 
encoder

<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .

decoder

<latexit sha1_base64="XW0hOiqSzBRdSoTmojlfwJY0GjQ=">AAAB6HicbZDJSgNBEIZr4hbHLerRy2AQPIUZweUiBr14TMAsmAyhp1OTtOnpGbp7hBDyBF48KOJVH8a7F/Ft7CwHTfyh4eP/q+iqChLOlHbdbyuzsLi0vJJdtdfWNza3cts7VRWnkmKFxjyW9YAo5ExgRTPNsZ5IJFHAsRb0rkZ57R6lYrG40f0E/Yh0BAsZJdpY5dtWLu8W3LGcefCmkL/4sM+T9y+71Mp9NtsxTSMUmnKiVMNzE+0PiNSMchzazVRhQmiPdLBhUJAIlT8YDzp0DozTdsJYmie0M3Z/dwxIpFQ/CkxlRHRXzWYj87+skerwzB8wkaQaBZ18FKbc0bEz2tppM4lU874BQiUzszq0SySh2tzGNkfwZleeh+pRwTspHJe9fPESJsrCHuzDIXhwCkW4hhJUgALCAzzBs3VnPVov1uukNGNNe3bhj6y3HxvnkCY=</latexit>

Z

<latexit sha1_base64="O0EgLX1OtGV1dL7ECGwdoorOQKc="></latexit>

incorrect encoder ! sẐ(ẑ)� sm
Ẑ
(ẑ) not a function of only zpa(i)

Applying an Encoder

<latexit sha1_base64="Ux7oq4ydxwJAphef8i/XexGgMpM=">AAAB7XicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZwctGLLpxWcFesB1KJs200UwyJGeEMvQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTpgIbsDzvp3c3PzC4lJ+2V1ZXVvfKGxu1YxKNWVVqoTSjZAYJrhkVeAgWCPRjMShYPXw7mKY1++ZNlzJa+gnLIhJV/KIUwLWqrV6BPBNu1D0St5IeBb8CRTPPtzT5O3LrbQLn62OomnMJFBBjGn6XgJBRjRwKtjAbaWGJYTekS5rWpQkZibIRtMO8J51OjhS2j4JeOT+7shIbEw/Dm1lTKBnprOh+V/WTCE6CTIukxSYpOOPolRgUHi4Ou5wzSiIvgVCNbezYtojmlCwB3LtEfzplWehdlDyj0qHV36xfI7GyqMdtIv2kY+OURldogqqIopu0QN6Qs+Och6dF+d1XJpzJj3b6I+c9x92l5IR</latexit>

Ẑ
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Only need the score differences in observations space

<latexit sha1_base64="ggCN8oieoqGuKwmviiFnNEM/oRQ="></latexit>

sẐ(ẑ)� sm
Ẑ
(ẑ) = [Jdecoder(ẑ)]>(sX(x)� smX(x))

Minimizing Score Differences

Minimize score variations over environment pairs = correct encoder

11



Transform Interventions Main results

Our Contributions
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Latent model

Nonparametric Two hard+ 1. perfect ID 
2. provably correct algo+ = CRL@

NeurIPS
Nonparametric 

1. perfect ID 
(1. ID up to ancestors) 

2. provably correct algo

Linear One hard (soft)+ + = Coming 
soonNonparametric 

1. perfect ID
(1. perfect DAG + Markov) 

2. provably correct algo

Linear One hard (soft)+ + = Varıcı et al.
2023

Sufficiently nonlinear 



Nonparametric transform +  two hard

von Kügelgen et al. (2023): Coupled two hard + faithfulness (for all candidates) = Perfect ID 

Theorem : Observational data and two hard interventions/node   =  Perfect ID

<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . . <latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . . <latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . . <latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .

<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .
<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . . <latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .

<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .
<latexit sha1_base64="CnXeBc4unRpe2tipLTZXTUaPFD4=">AAAB6nicbZDLSgMxFIbP1Futt1ZX0k2wCK7KjOBl4aLgxmWL9oLtUDJppg1NMkOSEcrQR3DjQhG3Po8Ld/o0ppeFtv4Q+Pj/c8g5J4g508Z1v5zMyura+kZ2M7e1vbO7ly/sN3SUKELrJOKRagVYU84krRtmOG3FimIRcNoMhteTvPlAlWaRvDOjmPoC9yULGcHGWrf3XdbNl9yyOxVaBm8OpUqhU/yuHX5Uu/nPTi8iiaDSEI61bntubPwUK8MIp+NcJ9E0xmSI+7RtUWJBtZ9ORx2jY+v0UBgp+6RBU/d3R4qF1iMR2EqBzUAvZhPzv6ydmPDST5mME0MlmX0UJhyZCE32Rj2mKDF8ZAETxeysiAywwsTY6+TsEbzFlZehcVr2zstnNa9UuYKZslCEIzgBDy6gAjdQhToQ6MMjPMOLw50n59V5m5VmnHnPAfyR8/4DB6OQlQ==</latexit>

Zi

<latexit sha1_base64="q9nozgCEckol7al6Sc3BmSiQPXk=">AAACCnicbVC7SgNBFJ31GeMraqnFaBBiE3YFH4VFwMZSwaiQDcvs5CYZMvtw5q4Yl9Q2Qr7ExkIRO/EL7PwQeyePQhMPXDicc+/MvcePpdBo21/WxOTU9MxsZi47v7C4tJxbWb3QUaI4lHkkI3XlMw1ShFBGgRKuYgUs8CVc+q3jnn95A0qLKDzHdgzVgDVCURecoZG83KaLcIv9d1JfJtBJXRSyBvTaE4U7T+x0vFzeLtp90HHiDEm+tNF1C9/v3VMv9+nWIp4EECKXTOuKY8dYTZlCwSV0sm6iIWa8xRpQMTRkAehq2l+hQ7eNUqP1SJkKkfbV3xMpC7RuB77pDBg29ajXE//zKgnWD6upCOMEIeSDj+qJpBjRXi60JhRwlG1DGFfC7Ep5kynG0aSXNSE4oyePk4vdorNf3Dtz8qUjMkCGrJMtUiAOOSAlckJOSZlwck8eyTN5sR6sJ+vVehu0TljDmTXyB9bHDyLant0=</latexit>

q̃i(zi)
<latexit sha1_base64="Ng4lOAHzRl2nxQ5OwRZJ2EwaWwE=">AAACAnicbVC7SgNBFJ31GeMraiVaLAYhNmFX8FFYBGwsI5gHJGGZndwkQ2YfztwV4xJs7PMVNhaK2Fr5CXZ+iL2TTQpNPHDhcM69c+ceNxRcoWV9GTOzc/MLi6ml9PLK6tp6ZmOzrIJIMiixQASy6lIFgvtQQo4CqqEE6rkCKm73fOhXbkAqHvhX2Auh4dG2z1ucUdSSk9muI9xi8k4sodmPrx2eu3P4Qd/JZK28lcCcJvaYZAu7g3ru+2NQdDKf9WbAIg98ZIIqVbOtEBsxlciZgH66HikIKevSNtQ09akHqhEnq/vmvlaaZiuQunw0E/X3REw9pXqeqzs9ih016Q3F/7xahK3TRsz9MELw2WhRKxImBuYwD7PJJTAUPU0ok1z/1WQdKilDnVpah2BPnjxNyod5+zh/dGlnC2dkhBTZIXskR2xyQgrkghRJiTByTx7JM3kxHown49V4G7XOGOOZLfIHxvsPFrSbkg==</latexit>

qi(zi)

<latexit sha1_base64="y8K33A2RFyfyPXWsgqein6sftw0="></latexit>

Interventional discrepancy:
@

@zi

qi(zi)

q̃i(zi)
6= 0 almost everywhere
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Linear transform + nonlinear latents + one hard/soft

Theorem : Linear transform + sufficiently nonlinear latent model + one hard/node 

Perfect ID 

Theorem : Linear transform + sufficiently nonlinear latent model + one soft/node 

1. Perfect DAG recovery
2. Estimated latents have Markov property

<latexit sha1_base64="DwkJFNv0+zcBaNaekWZp1g/BCjg="></latexit>

Z1

<latexit sha1_base64="4bwp07bGJZXb0T5Ugv+FG4Fdty0="></latexit>

Z2

<latexit sha1_base64="iE+UMweJrDrUEkyWE4MxTenXfG0="></latexit>

Z3

<latexit sha1_base64="yWxyZ1euLl6ukHdV4r+nLr6aWzk=">AAACLHicbZDLSsNAFIYn9VbjLerSzWBRKkhJ6nWhUOjGZQV7wSaEyXTSDp1cmJkIJfSB3PgqgriwiFufw0kbUKsHhvn5/jmcOb8XMyqkaU60wsLi0vJKcVVfW9/Y3DK2d1oiSjgmTRyxiHc8JAijIWlKKhnpxJygwGOk7Q3rmd9+IFzQKLyTo5g4AeqH1KcYSYVco24PkIT3rgUPr7PLtvWcVGekCr/RSYZSmwdQjRuXlXms4JFrlMyKOS34V1i5KIG8Gq7xYvcinAQklJghIbqWGUsnRVxSzMhYtxNBYoSHqE+6SoYoIMJJp8uO4YEiPehHXJ1Qwin92ZGiQIhR4KmXAZIDMe9l8D+vm0j/0klpGCeShHg2yE8YlBHMkoM9ygmWbKQEwpyqv0I8QBxhqfLVVQjW/Mp/Ratasc4rZ7enpdpVHkcR7IF9UAYWuAA1cAMaoAkweATP4A1MtCftVXvXPmZPC1reswt+lfb5BdrPooU=</latexit>

Ẑ1 = Z1

Ẑ2 = Z2

Ẑ3 = lin(Z2, Z3)

Going beyond mixing with ancestors (nonlinear models = up to ancestors in Zhang’23) 

<latexit sha1_base64="ZU1CWmKNF2yI2qYkafwExniKDCU=">AAAB9HicbVDJSgNBEO2JWxy3qEcvjUHwFGYEl0sw6MVjhGyYDKGnpydp0tMzdtcEQsh3ePGgBK/+hncv4t/YWQ6a+KDg8V4VVfX8RHANjvNtZVZW19Y3spv21vbO7l5u/6Cm41RRVqWxiFXDJ5oJLlkVOAjWSBQjkS9Y3e/dTvx6nynNY1mBQcK8iHQkDzklYCSvgYu4gls0iAE/tHN5p+BMgZeJOyf56w+7mIy/7HI799kKYppGTAIVROum6yTgDYkCTgUb2a1Us4TQHumwpqGSREx7w+nRI3xilACHsTIlAU/V3xNDEmk9iHzTGRHo6kVvIv7nNVMIr7whl0kKTNLZojAVGGI8SQAHXDEKYmAIoYqbWzHtEkUomJxsE4K7+PIyqZ0V3IvC+b2bL92gGbLoCB2jU+SiS1RCd6iMqoiiR/SEXtCr1beerbH1NmvNWPOZQ/QH1vsPID6UDQ==</latexit>

X = T · Z
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Linear transform + any latents + one hard/soft

No parametric restrictions on latents  (linear models on Squires’23, Buchholz’23)

Theorem : Linear transform + one hard/node   = Perfect ID

Theorem : Linear transform + one soft/node   = ID up to ancestors

<latexit sha1_base64="LMdpsT+fDUp3rPYDeJg2C1tav2A="></latexit>

Ẑi = lin(Zanc(i)) and tr-closure(ĜZ) = tr-closure(GZ)

Negative results for linear latents + soft (Squires’23): ID up to ancestors is the best one can hope.
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• Score functions contain all the information about latent DAG

• Minimizing score variations = constructive proof = provably correct algorithms

• Non-parametric transform with 2 interventions/node: https://arxiv.org/abs/2310.15450

• Liner transform with 1 intervention/node: https://arxiv.org/abs/2301.08230

Summary
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